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ABSTRACT The optimal size and structure of spontaneous liposomes formed from lipid/polymer-lipid mixtures was
calculated using a molecular mean-field theory. The equilibrium properties of the aggregate are obtained by expanding the
free energy of a symmetric planar bilayer up to fourth order in curvature and composition of lipid and polymer. The expansion
coefficients are obtained from a molecular theory that explicitly accounts for the conformational degrees of freedom of the
hydrophobic tails of the lipid and of the polymer chains. The polar headgroup interactions are treated using the opposing
forces model. The onset of stability of the symmetric planar film is obtained from the expansion up to quadratic order. For
unstable planar films the equilibrium size and structure of the spherical aggregates is obtained from the second- and
fourth-order terms in curvature and composition of lipid and polymer. The driving force for the formation of spontaneous
vesicles is the asymmetric distribution of polymers between the inner and outer monolayer. The composition asymmetry
between the two monolayers in the aggregates is much larger for the polymer component than for the lipid, and it depends
upon the size of the aggregate. The smaller the aggregate, the more asymmetric the distribution of polymer and lipid. The
tendency of the polymer chains to be tethered on the outer surface of the aggregate is very strong, and it limits the range of
polymer loading for which spherical liposomes are stable. A very small excess of polymer loading causes small spherical
micelles to be the optimal aggregates. In these cases spontaneous liposomes can form as metastable aggregates, showing
as a local minima in the free energy. Even for metastable aggregates the asymmetric distribution of polymers is very large.
The elastic constants of the asymmetric bilayer in the spherical aggregate are found to be the same as those that are
calculated from the planar symmetric film. Therefore, the stable structure of the aggregate is not needed to determine its
mechanical properties. The range of stable liposomes is very narrow in the range of molecular weights studied, which include
the experimental relevant domain of aggregates used in drug delivery. It is found that the stability of the spherical aggregates
results from a very fine balance between the tendency of the polymer chains and lipid tails to pack in an asymmetric spherical
aggregate and the tendency of the hydrophobic-water interface to keep the area per molecule fixed. The changes in free
energy per molecules that are responsible for liposome formation are very small and are very sensitive to detailed molecular
properties. The theoretical description of the aggregates requires a theory capable of incorporating these detailed molecular
properties. The findings are discussed in the context of vesicle formation and liposome design for drug delivery.

INTRODUCTION

The development of liposomes as drug carriers was facili-
tated in the early 1990s, when it was demonstrated that the
inclusion of small percentages of lipid-bonded polymers
(named polymer-lipids) in the liposome formulation in-
creased its circulation time in vivo, favoring the uptake in
the target site versus their elimination by the RES (Blume
and Cevc, 1990; Allen et al., 1991). These liposomes are
commonly referred to as stealth liposomes, and their resis-
tance to blood stream elimination is due to steric stabiliza-
tion by the polymer layer attached to the lipid bilayer
(Klibanov et al., 1991; Needham et al., 1992; Torchilin et
al., 1994a–c; Blume and Cevc, 1993). The most common
polymer used for this purpose is poly(ethylene glycol)
(PEG), also referred to as poly(ethylene oxide) (PEO). The
effect of PEG in the stability of stealth liposomes has been
extensively studied during the last decade. The protective
effect of PEG layers is believed to prevent protein adsorp-

tion on the lipid bilayer (Ceh et al., 1997; Bradley et al.,
1998) and, at the same time, to act as a steric barrier for
inhibiting liposome fusion (Holland et al., 1996). As a
result, successful lipid/PEG-lipid formulations have been
developed for drug delivery. The amount of PEG in the
formulations must be optimized, because too little PEG
exhibits low protective effects in the bilayer, while too
much PEG may lead to micellization of the system.

Most of the preparation procedures of PEG-stabilized
liposomes reported in the literature involve nonreversible
processes, such as dialysis, pH cycling, sonication, and
extrusion. In contrast, there are few studies on spontane-
ous liposomes (Joannic et al., 1997; Szleifer et al., 1998).
However, thermodynamically stabilized liposomes are
expected to be more sensitive to environmental changes
than kinetically trapped liposomes, which is a desirable
property to explore for many uses in biological and
pharmaceutical applications. Moreover, if the properties
and behavior of spontaneous liposomes can be predicted
with a model that includes the main features of a lipid/
polymer-lipid bilayer, then one could control the state of
the aggregate.

To determine the optimal characteristics of a liposome for
experimental purposes, a quantitative theoretical approach
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is needed to provide not only trends, but also comprehensive
and practical guidelines. To meet this goal, we further
investigate the origins and mechanisms of spontaneous
PEG-stabilized liposome formation and the range of PEG-
lipid compositions where liposomes form. Specifically, this
study is focused on determining the conditions for energet-
ically driven, isolated liposome formation. Energetically
driven liposomes refer to those in which the free energy of
the isolated aggregate in spherical geometry is lower than
that of the planar bilayer. We devote special attention to
understanding the molecular structure of the formed aggre-
gates, which is often overlooked. Furthermore, the molec-
ular driving forces for the formation of spontaneous lipo-
somes, their range of stability, and the possible formation of
small micellar aggregates is investigated.

The free energy of bilayers is usually described in terms
of their elastic constants. Theoretical approaches are com-
plex, because bending properties of these bilayers depend
on the details of the molecular structure of the components
and, for multicomponent formulations, their mutual inter-
actions. The origin of spontaneous vesiculation was de-
scribed by Safran et al. (1990) for bilayers of surfactants
with identical hydrophobic regions but different polar
groups. In this early study, it was shown that coupling
between curvature and composition leads to vesicle forma-
tion when non-ideal mixing of surfactants occurs. Sponta-
neous vesicle formation was also predicted by Wang (1992)
for a one-component bilayer composed of diblock copoly-
mers. The composition of the diblocks must be sufficiently
asymmetric with shorter chains in the core of the bilayer.
Formation of polymer-based vesicles has been recently
proven experimentally in water-containing solutions
(Discher et al., 1999; Luo and Eisenberg, 2001) and in
organic solvents (Ding and Liu, 1997). The formation of
spontaneous vesicles was also predicted for mixtures of
diblock copolymers (Dan and Safran, 1993). According
to this study, the lamellar layer can be destabilized by the
addition of small quantities of copolymers of different
composition, with small fractions of shorter chains than
the main component of the bilayer having stronger effects
on the spontaneous curvature than a small fraction of
longer chains.

The coupling between curvature and composition was
further studied by Porte and Ligure (1995). Generalizing the
ideas of Safran et al. (1990), they predicted a softening of
the mean curvature modulus due to internal degrees of
freedom when calculated at fixed chemical potential, which
can lead to vesicle formation. Porte and Ligure (1995)
extended their model to lipid bilayers having adsorbed
polymer brushes, which they described in terms of a mean-
field theory. Allowing the polymer to relax on both sides of
the bilayer, they predicted that vesicle formation may occur
at sufficiently high adsorption densities. However, the sur-
face coverage they treated was much higher than the one
commonly found in PEGylated liposomes for drug delivery.

The effect of grafted polymer on the elastic constants of
lipid bilayers has also been studied by Hristova and Need-
ham (1994) and Marsh (2001), although none of them took
into account the lipid/polymer-lipid relaxation. Those stud-
ies used scaling and mean-field theories to describe the
polymer layer. These approaches are not expected to give
quantitative predictions for low and moderate polymer cov-
erage (Szleifer, 1996). Thus, they are not always applicable
in the relevant experimental range of surface densities used
in PEGylated liposomes.

Curvature-composition coupling has been shown to
play a major role in the stability of bilayers and the
resulting tendency to form spontaneous vesicles (Safran
et al., 1990). However, there are no systematic studies
that provide a deep understanding of the size and struc-
ture of thermodynamically stabilized aggregates formed
as a result of that coupling. For this purpose, the appli-
cation of a quantitative molecular theory to polymer-
grafted liposomes is of great interest. A reliable theory
would significantly reduce the experimental effort re-
quired to develop stable formulations with favorable bi-
ological and pharmacological properties. In addition, it
would improve our understanding about how the molec-
ular structure of the polymer and lipid layers determines
the behavior of the layers.

In the present study, molecular mean-field (MMF) theory
(Ben-Shaul et al., 1985; Szleifer and Carignano, 1996) is
used to describe both lipid and PEG layers. MMF is appli-
cable at experimentally relevant regimes of surface densi-
ties. Furthermore, the theory has been successfully used to
provide quantitative predictions for several systems involv-
ing hydrocarbon tail packing in bilayer environments (Ben-
Shaul et al., 1985) and PEG-grafted layers, such as adsorp-
tion isotherms of protein on PEG-grafted surfaces
(McPherson et al., 1998; Satulovsky et al., 2000). MMF
theory has also been applied to study the stability of
PEGylated liposomes (Szleifer et al., 1998). In that study,
the minimal loading of polymer necessary to destabilize
planar bilayers was predicted as a function of polymer
molecular weight. The predictions were successfully com-
pared with experimental data. The limitation of that work,
however, was that it only predicted the lack of stability of
the planar film; the equilibrium size and structure of the
spontaneous forming aggregates were not addressed. In the
study presented here we extend that work. Our purpose is to
predict not only the composition range where spontaneous
liposomes form, but also the spontaneous curvature and the
optimal structure of the aggregates.

In the next section we introduce our theoretical approach
and a short description of the molecular theory used in this
study. The following section introduces and discusses the
results obtained. The last section presents the concluding
remarks.
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MODEL

Free energy

The focus of this study is lipid/PEG-lipid bilayers. The lipid molecules are
insoluble and have a double hydrocarbon chain tail that prefers the core of
the bilayer to avoid contact with the surrounding water solution. The lipid
tails are attached to a hydrophilic headgroup that lies on the water-lipid
interface. A certain percentage of those headgroups are bonded to PEG
chains that extend away from the interface toward the bulk solution. We
assume that the lipid in the polymer-lipid molecule is the same as in the
pure lipid. Fig. 1 shows a qualitative representation of the system.

In this study, we only consider the case of spherical liposomes of radius
R. The aggregate is assumed to have a fixed number of lipids and polymer
chains. We are interested in equilibrium aggregates. As a consequence, the
only relevant case is that of free exchange of molecules across the bilayer,
i.e., we assume that for all aggregates the chemical potential of the lipid
molecules and the chemical potential of the PEG-lipid molecules are the
same at both sides of the bilayer. The partition of the components between
the two monolayers is expressed as xI � NI

out/(NI
out � NI

in), where I
represents lipid or PEG molecules and NI

out represents the number of I
molecules in the outer monolayer of the bilayer. Thus, the relevant vari-
ables of the system are the partition of lipids and polymer-grafted chains
between both sides of the membrane (xlipid and xPEG, respectively), together
with the curvature (c � 1/R).

Based on Helfrich’s seminal work (Helfrich, 1973), the classical de-
scription of the bending free energy for a symmetric bilayer expanded
around the planar film (c � 0) contains terms on curvature up to quadratic
order

�f �
F�c, xlipid, xPEG�

A�0�
�

F�0, 1
2
, 1

2
�

A�0�
�

1
2

Kc2 (1)

where F(c, xlipid, xPEG) is the free energy of the aggregate at curvature c and
lipid and PEG partition equal to xlipid and xPEG, respectively. A(0) is the
area at the surface of inextension, which corresponds to the area of the
planar film. There are no linear terms in curvature because the expansion
is made around the symmetric planar film. K corresponds to the second

derivative of the free energy with respect to c, evaluated at c � 0. In terms
of Helfrich’s definition of the elastic constants we have K � kb � k�/2,
where kb is the bending constant and k� is the saddle-splay constant. In the
cases of interest here, there is no need to define two independent elastic
constants because we only treat spherical geometries. However, we men-
tion their relations for completeness.

The free energy in Eq. 1 is expanded only as a function of c. The
dependence of F(c, xlipid, xPEG)/A(0) with xlipid and xPEG, therefore, is
included in K. Expanding the composition variables around the symmetric
planar bilayer (i.e., xlipid

planar � xPEG
planar � 1/2) we have

�xlipid � 1
2
� � �

i

1
i! �dixlipid

dci �
c�0

ci

�xPEG � 1
2
� � �

i

1
i! �dixPEG

dci �
c�0

ci (2)

where (dixlipid(PEG)/dci)c�0 is the ith derivative of xlipid(PEG) with respect to
c, evaluated at the planar geometry. For the case in which the lipid and
polymer compositions can be varied independently, which are the only
relevant cases as long as the percentage of PEGylated lipid is sufficiently
low, the bending constant K is exactly given by (Ben-Shaul, 1995; Szleifer
et al., 1998)

K � fc2 � 2fc,xlipid�lipid � 2fc,xPEG�PEG � fxlipid
2 �lipid

2 � fxlipid
2 �PEG

2

(3)

where fI2 � d2�f/dI2 and fI,J � d2�f/dIdJ, while �lipid � dxlipid/dc and
�PEG � dxPEG/dc. Thus, the elastic constant depends only on the first-order
derivative of the composition variables with curvature. For the mixture in
equilibrium, �lipid and �PEG are the ones that minimize K and hence the free
energy, i.e., �lipid � (fc,xlipid

/fxlipid
2 ) and �PEG � �(fc,xPEG

/fxPEG
2 ).

When K � 0 the free energy is minimum for planar symmetric bilayers.
Thus, the lamellar phase is the energetically preferred structure. In those
cases, giant liposomes may form due to edge effects or favorable entropic
contributions, but only for 0 � K � 1. However, the formation of other
lipid aggregates such as liposomes or micelles is favored at K 	 0. In those
cases, the planar bilayer correspond to a maximum in the free energy. The
reduction of the free energy upon formation of a spherical aggregate arises
from the coupling between the composition and the curvature, namely, the
ability of the molecules to change the ratio between the two monolayers is
responsible for the change in sign of K. The problem, however, is that no
optimal size and/or structural information of the aggregates can be obtained
from the second-order expansion.

Our previous calculations (Szleifer et al., 1998) concentrated on looking
at the conditions upon which the elastic constant changes sign. Here we are
also interested in predicting what is the optimal size and structure of the
spherical aggregates that form when K 	 0. To this end, we could follow
two different routes. One is to calculate the free energy of the aggregates
at all curvatures and compositions for a fixed number of lipids and
PEGylated lipids. This is an almost impossible task because it requires the
variation of three variables simultaneously. The second way is to continue
the free energy expansion along the lines used for the quadratic expression.
An expansion to fourth order should provide the optimal aggregate prop-
erties for the cases that K 	 0. Thus, we could write

�f �
F�c, xlipid, xPEG�

A�0�
�

F�0, 1
2
, 1

2
�

A�0�

� 1
2

Kc2 � 1
24

�c4 (4)

where there are no third-order terms because we are expanding around the
planar symmetric film. As for the second-order expansion, Eq. 4 is ex-

FIGURE 1 Schematic representation of a lipid/PEG-lipid bilayer. The
qualitative shape of the stresses acting on the film is also represented. PEG,
lipid tails, and lipid headgroups have a repulsive interaction (i.e., 	(z) � 0),
while the surface tension is the only attractive contribution (	(z) 	 0).
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pressed only in terms of curvature. Therefore, composition-curvature cou-
pling is implicitly included in K and �. The coupling between composition
and curvature in � goes beyond the linear term coefficients that are needed
for K. Actually, one needs terms up to third order in the expansions
presented in Eq. 2. The minimization of the free energy will not enable the
determination of all the necessary coefficients and, therefore, it is more
convenient to directly expand the free energy up to fourth order in curva-
ture, c, and lipid and polymer composition, xlipid(PEG), the three variables of
the system.

The free energy of the lipid/polymer-lipid mixture up to fourth order is
given by

�f �
F�c, xlipid, xPEG� � F�0, 1

2
, 1

2
�

A�0�

� 1
2

fc2c2 � 1
2

fxlipid
2 �xlipid � 1

2
�2 � 1

2
fxPEG

2 �xPEG � 1
2
�2

� fc,xlipidc�xlipid � 1
2
� � fc,xPEGc�xPEG � 1

2
�

� 1
6

fc,xlipid
3 c�xlipid � 1

2
�3 � 1

6
fc,xPEG

3 c�xPEG � 1
2
�3

� 1
4

fc2,xlipid
2 c2�xlipid � 1

2
�2 � 1

4
fc2,xPEG

2 c2�xPEG � 1
2
�2

� 1
6

fc3,xlipidc
3�xlipid � 1

2
� � 1

6
fc3,xPEGc

3�xPEG � 1
2
�

� 1
24

fc4c4 � 1
24

fxlipid
4 �xlipid � 1

2
�4 � 1

24
fxPEG

4 �xPEG � 1
2
�4

(5)

where fIi � 
i�f/
Ii and fIi,Jj � 
i�jf/
Ii
Jj, with all the derivatives evaluated
at the expansion point, i.e., c � 0; xlipid � xPEG � 1/2. Thus, the
determination of the expansion coefficients will allow for finding the
optimal size and molecular partition of the aggregates.

The strategy to find the optimal liposomes is the following. First, we use
the expansion only up to second order, as given in Eq. 1, to determine the
minimum total loading of polymer necessary to have K 	 0 for each
polymer molecular weight. Second, for loadings where spontaneous lipo-
some formation is predicted, we use Eq. 5 to find the optimal aggregate
size and structure. Namely, we find the curvature and composition asym-
metry of lipids and polymer that minimize the free energy.

Two comments should be made at this point. First, the free energy
expansions used up to this point assume that the area per molecule at which
the molecules are packed is known and does not change upon bending. We
will determine this area by minimizing the free energy of the planar film,
from which the expansion is made, with respect to the area per lipid
molecule, a(0). Details are given below. Second, we are only describing the
optimal size of an isolated aggregate. However, one would expect to have
a complete size distribution of aggregates. The full determination of the
size distribution can be obtained from the full free energy; however, it is
beyond the scope of the work presented here.

The next step is the determination of the phenomenological expansion
coefficients from a molecular approach. We apply a molecular theory to
describe the lipid tails and PEG chains. This theory has been shown to be
successful in describing the properties of lipid tails and PEG chains for
conformational and thermodynamic properties. We formulate the free
energy of the system based on this molecular theory. We differentiate this
microscopic free energy with respect to curvature and composition of lipids
and polymers. This provides the coefficients that are needed in the phe-
nomenological expansion, Eq. 5. The main advantage of this method is that
we can determine all the coefficients using the molecular theory applied
only to the symmetric planar film. This is a very efficient way to perform
systematic calculations that could not be done if the explicit free energy as

a function of c, xlipid, and xPEG, needed to be determined for each combi-
nation of variables.

We consider that the hydrophilic heads of the lipids are located at the
lipid-solvent interface. It is assumed that an a priori determined percentage
of the total number of lipid heads are covalently attached to PEG chains.
The hydrophobic lipid tails form a continuous isolated phase, i.e., no
penetration of solvent and/or PEG chains into the hydrophobic phase is
allowed. Fig. 1 shows a schematic representation of the system.

Both hydrophobic tails and polymer-grafted chains are described using
MMF theory. The headgroup interactions will be modeled using the op-
posing forces approach of Tanford (Israelachvili, 1991). A detailed de-
scription of MMF can be found elsewhere for the lipid tails (Szleifer et al.,
1990; Ben-Shaul, 1995) and for grafted polymer chains (Szleifer and
Carignano, 1996). A basic description of the relevant aspects of the MMF
model for our system is provided below. The basic idea of the theory is to
look at a central chain with its intramolecular interactions taken into
account in an exact way, within the chosen molecular model, while the
intermolecular interactions are considered within a mean-field approxima-
tion. Due to the inhomogeneous character of the system in the direction
perpendicular to the interface, z, the mean-field felt by the molecules is
inhomogeneous in that direction. We show below a short derivation for the
lipid chains and for the polymers. The difference arises from the fact that
the hydrophobic lipid tails are assumed to be in a melt (no solvent)
environment, while the polymer chains share the volume with the solvent
molecules.

The starting point of the theory is to write the free energy of the system
in terms of the probability distribution function (pdf) of chain conforma-
tions of the polymer (or lipid tails) and the distribution of solvent (absent
for the lipid case). Thus, for the polymer case the free energy can be
expressed as

�FPEG � NPEG
in �

�
PPEG

in ���
ln
PPEG
in ���� � 
PEG

in ����

� NPEG
in ln
�in/��

� �
��

�h

Nsolvent�z�ln
Nsolvent�z��G�z�dz

� NPEG
out �

�
PPEG

out ���
ln
PPEG
out ���� � 
PEG

out ����

� NPEG
out ln
�out/��

� �
h

�

Nsolvent�z�ln
Nsolvent�z��G�z�dz (6)

where z denotes the radial distance from the bilayer midplane and G(z) is
a geometric factor that is unity for planar films and is the spherical element
of volume for the spherical aggregates. NPEG

i is the number of PEG chains
grafted at the interface i � in (out), Pi(�) is the probability for the PEG
chain to be in conformation �, 
PEG

in(out)(�) is the internal energy of the PEG
chain in the inner (outer) interface in that conformation, �i is the number
of chains per unit area at interface i; � is the chain surface density of the
planar symmetric bilayer, and Nsolvent(z) is the number of solvent molecules
at z. The first and fourth terms in Eq. 6 account for the conformational
entropy of the PEG-grafted chains, while the second and fifth terms
describe the translational entropy of the polymer at each monolayer of the
bilayer. The third and sixth terms are the z-dependent translational entropy
of the solvent. Note that PPEG

i (�), NPEG
i , Nsolvent(z), and �i are all functions

of the curvature.
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The free energy of the lipid tails, Flipid, is given by

�Flipid � Nlipid
in �

�

Plipid

in ��
�ln�
Plipid
in ��
�� � �
intra

in ��
��

� Nlipid
out �

�

Plipid

out ��
��ln
Plipid
out ��
�� � �
intra

out ��
��

� Nlipid
in ln
�lipid

in /�lipid� � Nlipid
out ln
�lipid

out /�lipid�

(7)

which includes the conformational entropy of the chains and the internal
energy of the molecules, with 
intra

in(out)(�
) being the internal energy of a
chain in the inner (outer) monolayer in conformation �
. The last two terms
correspond to the translational entropy of the molecules. There are only
terms for the lipid chains because the hydrophobic core of the bilayer is
assumed to be dry, i.e., without any solvent.

The repulsive intermolecular interactions are included in the model as
hard-core excluded volume. These interactions are accounted for by pack-
ing constraints, which assume that the total volume available at each layer
parallel (concentric) to the bilayer midplane (which is the origin of the z
axis) must be filled with PEG segments or solvent for the polymer layer or
with lipid tail segments for the hydrophobic core of the lipid bilayer. They
are expressed as

NPEG
in �

�
PPEG

in ���nPEG
in ��, z�vPEGdz � Nsolvent�z�vsolventdz

� A�z�dz �� � z � � h

NPEG
out �

�
PPEG

out ���nPEG
out ��, z�vPEGdz � Nsolvent�z�vsolventdz

� A�z�dz h � z � �

Nlipid
in �

�

Plipid

in ��
�nlipid
in ��
, z�vlipiddz

� Nlipid
out �

�

Plipid

out ��
�nlipid
out ��
, z�vlipiddz

� A�z�dz �h � z � h (8)

where A(z) � A(0)(1 � 2cz � c2z2) is the total area at distance z from the
bilayer midplane, vPEG is the volume of a PEG segments, vsolvent is the
volume of the solvent, vlipid is the volume of a lipid segment, and
nlipid(PEG)

i (�, z) is the number of chain segments in z at conformation �. For
simplicity, we assume that vsolvent � vPEG � v.

PPEG
in (�), PPEG

out (�), Plipid(�
), and Nsolvent(z) are determined by minimiz-
ing the free energy (Eq. 6 for grafted PEG and Eq. 7 for lipid tails) subject
to the packing constraints (Eqs. 8). The minimization is carried out by
introducing a set of Lagrange multipliers, �	lipid(z) in the lipid region and
�	PEG(z) in the polymer-solvent region. The results are

Plipid
in ��
�

�
exp���
intra��
� � ��h

h �	lipid�z�vlipidn
in��
, z�dz�

Qlipid
in

Plipid
out ��
�

�
exp���
intra��
� � ��h

h �	lipid�z�vlipidn
out��
, z�dz

Qlipid
out

PPEG
in ��� �

exp���
intra��
� � ���
�h �	PEG

in �z�vnin��, z�dz

QPEG
in

PPEG
out ��� �

exp���
intra��� � �h
� �	PEG

out �z�vnout��, z�dz

QPEG
out

Nsolvent�z� �
A�z�

v
exp���	PEG�z�v� (9)

Qlipid
i � ¥�
 exp(��
intra(�
) � ��h

h �	lipid(z)vlipidn
i(�
, z)dz) is the

partition function (normalization constant) of the lipid in monolayer i.
QPEG

i � ¥� exp(��
intra(�) � �h
� �	PEG

i (z)vni(�, z)dz is the partition
function (normalization constant) of the PEG molecules attached to inter-
face i. 	lipid(z) and 	PEG(z) are the lateral pressures acting on the central
chain at each z to fulfill the packing constraints. The magnitudes of 	lipid(z)
and 	PEG(z) indicate the level of compression of the chains at each distance
from the center of the bilayer. A thorough discussion of the physical origin
of the Lagrange multipliers can be found in Ben-Shaul et al. (1985) and
Szleifer and Carignano (1996).

The values of the Lagrange multipliers are obtained by replacing the
explicit expressions for the pdfs and the solvent distribution, Eqs. 9, into
the constraint equations, Eqs. 8. The input necessary to solve the equations
is A(z) for all z, the set of single chain configurations for the PEG and the
set for the lipid chains, the surface coverage of polymer and the thickness
of the bilayer, 2h. Then, the equations are solved by standard numerical
methodologies from which the lateral pressures are obtained, and from
them any desired average conformational and thermodynamic property of
the aggregate. A detailed description can be found in Szleifer and Carig-
nano (1996).

Introducing the explicit forms of the pdfs and solvent distribution, Eqs.
9, into the free energy for the PEG, Eq. 6, we obtain

�FPEG � �NPEG
in lnQPEG

in � NPEG
in ln
�in/��

� �
��

�h

�	PEG�z�A�z�dz � NPEG
out lnQPEG

out

� NPEG
out ln
�out/�� � �

h

�

�	PEG�z�A�z�dz (10)

and for the lipid, Eq. 7, we get

�Flipid � �Nlipid
in lnQlipid

in � Nlipid
in ln
�in/��

� �
�h

h

�	lipid�z�A�z�dz � Nlipid
out lnQlipid

out

� Nlipid
out ln
�out/�� (11)

Note that the geometry of the aggregate enters to the PEG and lipid
chain free energies through the lateral pressures, 	lipid(PEG)(z), and the
area, A(z).

The last remaining element is the treatment of the lipid headgroups. We
use the opposing forces model of Tanford (Israelachvili, 1991), in which
there are attractive interactions arising from the hydrocarbon-water surface
tension and a repulsive term that accounts, in an approximate way, for the
steric interactions between the headgroups. There are two contributions
arising from the two interfaces that give

Fheads � �A��h��1 �
Ah

2

A2��h�� � �A�h��1 �
Ah

2

A2�h��
(12)
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where � is the hydrocarbon-water surface tension and Ah is a phenomeno-
logical parameter that measures the strength of the repulsions between the
headgroups.

The total free energy of the system is obtained by adding the three
contributions from Eqs. 10–12. It turns out to be more convenient to define
the free energy per lipid molecule, given by

ftotal�a�0�, c, rPEG, xlipid, xPEG� � fPEG � flipid � fheads

�
FPEG

Nlipid
�

Flipid

Nlipid
�

Fheads

Nlipid

(13)

with Nlipid(PEG) � Nlipid(PEG)
in � Nlipid(PEG)

out . The total free energy is a
function of the area per lipid molecule, a(0) � A(0)/Nlipid, the curvature, c,
the ratio of PEGylated lipid molecules, rPEG � NPEG/Nlipid, the asymmetry
of the lipids, xlipid � Nlipid

out /Nlipid, and the asymmetry of the polymer chains,
xPEG � NPEG

out /NPEG. The phenomenological expansion of the free energy in
Eq. 5 does not include the area. The reason is that we are assuming that the
area per (lipid) molecule does not change upon deformation. That area is
the surface of inextension, which for a symmetric planar bilayer is the
midplane. Thus, the area a(0) is kept constant upon the formation of
spherical liposomes.

The value of a(0) that we use is the one that minimizes the free energy
of the planar bilayer. Namely, for each type of lipid molecule and each
loading of polymer the total free energy is minimized with respect to area.
The area at the minimum is the a(0) that we use throughout the calculations
for that lipid and polymer loading. The area per molecule that minimizes
the free energy of the aggregate is the correct one to use because we
assume that the lipids are insoluble in the solvent. Therefore, all the lipid
molecules are involved in aggregate formation. Note that in the case of
soluble lipids (or surfactants), the area per molecule is not determined by
minimizing the free energy of the aggregate with respect to area. Rather,
the optimal area is the one in which the lipids have the same chemical
potential as those found dissolved in the solvent. However, as mentioned
above we are only interested here in insoluble lipids.

One of the interesting results in insoluble lipids is that because the
proper packing is the one in which the area per molecule is the one that
minimizes the free energy, the bilayer is therefore a tensionless aggregate.
Namely, the stresses acting on the bilayer must cancel. This implies strong
restrictions on the number of PEGylated lipids that can be included in the
aggregate, because the only attractive interaction in the bilayer is the fixed
water-oil surface tension. This interaction must balance exactly the repul-
sions arising from the packing of the lipid tails, the lipid headgroups, and
the polymers.

The balance of forces can be seen in more detail by minimizing the free
energy, Eq. 13, with respect to the area. In other words, we need to find the
area for which


ftotal


a
� 0

which gives

��1 �
ah

2

a2�0�� � � 
�	lipid�z� � �PEG�z��dz � 0 (14)

where �PEG(z) � (1 � exp(��	PEG(z)v � �	PEG(z)v)/v is the lateral
pressure of the polymer-solvent layer (Szleifer and Carignano, 1996). To
understand the balance of forces let us take the case in which ah � 0.
Namely, the repulsive contribution of the lipid headgroups is zero. Actu-
ally, this is usually the case because ah 		 a(0) and, thus, it gives only a

minor contribution to the repulsion. In this case, the equilibrium area of the
bilayer is determined by the equality

� � � 
	lipid�z� � �PEG�z��dz. (15)

Both 	lipid(z) and �PEG(z) are absolute positive quantities because they
represent the pressure arising from the repulsions associated with stretch-
ing the lipid and polymer chains. Thus, the optimal area is the one in which
the lipid and polymer combined exert a repulsive interaction exactly equal
to the (attractive) water-oil surface tension (see Fig. 1). As mentioned
above, this limits the number of polymers that can be in the bilayer, as a
large surface coverage of polymer results in a large repulsive interaction.
Under these conditions, the PEG and lipid tail contributions exceed the
surface tension attraction, thus breaking the aggregate. For conditions that
we are interested in, it turns out that the most dominant contribution
determining the area per molecule arises from the lipid tails. Actually, in
most cases, neglecting the polymer contribution to determine the optimal
area will give an error in the estimated area per molecule of 	2%.

In a recent paper, the effect of lateral expansion induced by polymer
brushes on the lipid layer was taken into account to study elastic constants
of polymer-grafted lipid membranes (Marsh, 2001). The area changes
predicted in the range of polymer concentration of experimental interest are
	5%. It should be stressed, however, that for the determination of the
elastic properties of the bilayers none of the contributions can be neglected,
as it will be shown in the Results section.

The free energy of the aggregate from a molecular theory and the
optimal packing area have now been described. The next step is to use that
molecular free energy to determine the phenomenological coefficients that
are presented in Eq. 5. To this end, we follow the same procedure of
Szleifer et al. (1990), in which the explicit expression of the free energy
from the molecular theory is differentiated with respect to curvature, lipid,
and polymer asymmetry. In our case, however, we need to take derivatives
up to fourth-order to obtain all the coefficients of the expansion. The results
of the expansion are shown in the Appendix, with all the necessary details
of how the calculation is carried out. The main result is that all the
coefficients can be obtained from the knowledge of the properties of the
equilibrium planar film. Therefore, the calculations, even though not triv-
ial, become feasible for a large variety of relevant experimental accessible
variables, without the need to perform calculations for each curvature and
composition of lipid and polymer.

To summarize, we use the molecular theory to obtain the expansion
coefficients that are necessary to determine the optimal size and structure
of the spontaneously forming liposomes. Furthermore, if we now have the
coefficients of the expansion we can calculate the free energy under all
conditions.

In principle, we can determine the complete size distribution of the
aggregates by combining the free energy of a single aggregate, Eq. 5, with
a mixing term of the aggregates, in the ideal solution limit. The size
distribution is then obtained by the minimization of that free energy subject
to the constrain that the sum of lipids and the sum of polymers over all
aggregates, weighted by the appropriate number of the aggregates, gives
the total number of lipids and polymers present in solution. This will be
pursued in future work.

All the calculations presented below were carried out for double tail
lipid bilayers of varying length. Each lipid tail was of the form —(CH2)n

—CH3, with 11 	 n 	 15. Each —CH2— group was modeled as a unit and
the chains were generated using the rotational isomeric state model (Flory,
1988) with the appropriate bond length and bond angles. Each bond was
allowed to have one trans or two gauche configurations. The energetic
price of the gauche configuration was taken as 500 cal/mol. Thus, the
internal energy of a configuration is given by the number of gauche bonds
multiplied by the gauche energy. The volume of a —CH2— group was
taken as 27 Å3, while that of the —CH3 was equal to 54 Å3. For the lipid
tails, all the possible configurations of the chains were generated and only
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those that were self-avoiding were used in the calculations. For details of
the chain model of the hydrocarbon tails and how the calculations are
carried out, see Szleifer et al. (1986, 1990). The model PEG chains had
chain lengths in the range 50 � NEG � 150. Each —CH2—CH2O— was
taken as a unit of volume 61 Å3 and the chains were generated using the
rotational isomeric state model with the distance between EG groups taken
as 3.2 Å, and the three states of each bond were taken to be isoenergetic,
i.e., 
intra(�) � 0 for all �. This was the model used in Faure et al., 1998,
where quantitative agreement was found for the pressure-area isotherms
predicted by the theory and experimental observations of polymers con-
taining PEG chains. We have used a sample of 1 � 106 independent
self-avoiding conformations that were generated by simple sampling. For
more details on the chain model, calculation details, and predictions of the
theory for PEG chains, see Szleifer and Carignano (1996, 2000); Szleifer
(1996, 1997a); Faure et al. (1998); and Satulovsky et al. (2000).

RESULTS AND DISCUSSION

Fig. 1 presents a schematic representation of a lipid/PEG-
lipid film. It also includes a representative curve of the
lateral stresses acting on the film. The relative contributions
are plotted to scale. Polymer, lipid, and headgroups have
repulsive interactions (�(z) � 0), while water-oil surface
tension is the attractive contribution (�(z) 	 0) that holds
the system together. The larger repulsions arise from the
packing of the lipid hydrophobic chains. PEG repulsions are
smaller in magnitude and act at larger distances from the
bilayer midplane. Both surface tension attraction and head-
to-head repulsions from the lipid headgroups are assumed to
act exactly at a distance corresponding to half-bilayer thick-
ness. The magnitude of the lateral pressures has to be such
that the total repulsion exactly balances the attraction, as
expressed in Eq. 14.

In our previous study of spontaneous liposome formation
from lipid/PEG-lipid mixtures (Szleifer et al., 1998), we
used the free energy expansion up to the second order, as
shown in Eq. 1. In terms of Helfrich’s description of bilayer
elastic constants (Helfrich, 1973), we looked at the condi-
tions under which K � kb � k�/2 	 0, where kb is the
bending elastic constant and k� is the saddle-splay constant.
kb is always positive and its value can be significantly
reduced by considering the relaxation of the lipids and
polymers between the two monolayers (Szleifer et al., 1990;
Ben-Shaul, 1995). k� must be negative and larger than 2kb to
achieve K 	 0. k� is given by the second moment of the
lateral stresses. Therefore, to maintain a tensionless mem-
brane and obtain K 	 0, we need to have relatively small
pressures at large distances from the midplane. This was
the explanation provided in our earlier work for the
ability of polymer layers to induce spontaneous forma-
tion of liposomes.

Fig. 2, top shows K as a function of PEG loading. As the
polymer loading increases, the value of the elastic constant
decreases, eventually becoming negative. The different
curves represent different chain lengths of PEG. The longer
the polymer, the smaller the amount that it is necessary to
have spontaneously forming liposomes. This has been

shown to be the result of k� becoming large and negative as
the chain length (and surface loading) of PEG increases,
with only a small change in the value of the bending
constant kb (Szleifer et al., 1998). Fig. 2, bottom shows a
schematic stability curve represented by the onset of the
point in which K changes signs. Above the curve, sponta-
neous liposome formation is expected; lamellar phases are
stable below it.

The results presented in Fig. 2, as well as their explana-
tion, are essentially the same as presented in our previous
work. The problem is that, while we can analyze why
spontaneous liposome formation happens in terms of the
bending and saddle-splay constants, two main questions
remain unanswered. First, what is the size and structure of
the equilibrium aggregates formed, and second, what is the
physical molecular driving force for spontaneous liposome
formation? To answer these questions we now turn to the
predictions of the theory using the free energy expansion,
including fourth-order terms in curvature and composition
of lipid and PEG.

Optimal size and structure

Fig. 3 shows the free energy, including the fourth-order
terms, as a function of curvature for three different loadings
of PEG for chains with NEG � 100, corresponding to PEG
of MW � 4400. The free energy at each curvature is the
minimal free energy with respect to the PEG and lipid
distribution (i.e., xPEG and xlipid). Namely, the calculated

FIGURE 2 (Top) Elastic constant, K, as a function of the lipid-PEG
loading for molecular mass of the PEG chains of 2.2 kDa (dashed line), 4.4
kDa (dotted line), 5.5 kDa (solid line), and 6.6 kDa (dotted-dashed line).
The horizontal line is a guide to the eye for K � 0. (Bottom) Stability range
for lamellar phases and for curved aggregates as a function of the PEG
molecular mass. The line represents the percentage of PEG as a function of
molecular mass at which K � 0. The lipid molecules have two tails each
with —(CH2)15 —CH3 and the lipid headgroup interactions are modeled
with � � 0.12 kT/Å2 and ah � 22.3 Å2.
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free energies are obtained by fixing the curvature and find-
ing the optimal partition of lipid and polymer between the
two monolayers. This is repeated as a function of curvature,
and then the onsets of minimized free energies are plotted.
The three curves show maximal free energy for the planar
bilayer. This is actually already known from Fig. 2, where
the second-order term becomes negative at PEG loading of
9.12%. However, Fig. 3 also provides the optimal size of the
liposomes. As the loading of PEG increases, the optimal
radius of the aggregate decreases. The free energy changes
over the interesting range of curvatures (namely, c 	 0.01
Å) are rather small. For example, for the intermediate load-
ing shown the optimal aggregate has a free energy gain, as
compared to the planar bilayer, of �10�3 kT per lipid
molecule. This implies that the optimal aggregate will have
an overall gain in free energy of �20 kT as compared to the
planar geometry.

Looking at the highest loading shown in Fig. 3, one can
see the presence of a maximum at relatively high curvature
c � 0.0085 Å�1. This implies that for this polymer loading
spontaneous liposomes represent a local minimum in the
free energy. There is a lower minimum at even smaller radii,
implying that micelles are likely the preferred structure.
Note that we are using a free energy expression that should
not be valid for very small aggregates, therefore we will not
analyze the structure of small micelles. Nevertheless, we
will discuss below why we believe these micelles will form
and under what conditions.

At this point it is interesting to look at the different
contributions to the free energy to see what factors induce
spontaneous liposome formation. Fig. 4 shows the separate
contributions to the free energy together with their sum for

the intermediate loading shown in Fig. 3. The free energy
contributions are evaluated for each curvature at the optimal
composition, as is the case in Fig. 3. Recall that we define
loading as the total amount of PEG (or polymer) in the
aggregate. Composition and/or partition asymmetry refers
to the partition of PEG between the two monolayers. Thus,
optimal composition means, for a fixed loading, the distri-
bution of molecules between the two monolayers that min-
imizes the free energy at each curvature.

The free energy of polymer and lipid chains decreases as
the curvature increases. Therefore, the more curved the
aggregate, the better the chains are packed. Note that this is
the packing of the chains in an asymmetric bilayer as
discussed below. The only positive contribution is that of
the headgroups. Actually, it is the surface tension term that
opposes the increase in curvature.

The three separate contributions to the free energy are
relatively large. However, the sum of them results in a small
free energy per molecule with a minimal free energy at
finite curvature. The small free energy at the minimum and
the large separate contributions to it point to the special care
required in accounting for all the relevant contributions. A
small variation in one of the contributions is enough to
result in a large change in the optimal size or the existence
of spontaneous liposomes.

To better understand the origin of each contribution to the
free energy, it is best to look at the optimal partition of the
polymer and lipids as a function of curvature (Fig. 5). The
lipid molecules show small asymmetry as the curvature
increases. The increase of the number of molecules in the
outer monolayer (and consequent decrease in the inner
monolayer) is the result of the larger (smaller) available

FIGURE 3 Minimum free energy as a function of curvature for a lipid/
PEG-lipid bilayer containing 9.15% (solid line), 9.5% (dashed line), and
9.7% (dotted line) of PEG-lipid. The lipid tails are modeled as in Fig. 2 and
the PEG chains have a molecular mass of 4.4 kDa.

FIGURE 4 Contributions of lipid tails (flipid, dashed line), lipid head-
groups (fheadgroup, dotted-dashed line), and PEG chains (fPEG, dotted line) to
the aggregate minimum free energy (faggregate, solid line) as a function of
curvature. The inset presents a zoom-in of the faggregate curve. Note the
difference in free energy scale. The calculations correspond to the same
system as Fig. 3 with PEG loading of 9.5%.
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volume for packing of the chains in the outer (inner) mono-
layer as the curvature increases. This is optimal for the lipid
tails, but it results in a high free energy cost to the surface
tension term, which is proportional to the total interface
area, which increases with curvature. Thus, a positive con-
tribution to the free energy arises from the headgroup term,
as shown in Fig. 4. It is interesting to note that the sum of
the lipid chains and headgroup will result in an overall
positive free energy, and, therefore, no spontaneous lipo-
some formation without the inclusion of PEG.

The partition of the polymer is highly asymmetric. The
results presented in Fig. 5 show that most of the polymer
molecules are found in the outer monolayer. This is the
result of the very large available volume spanning from the
outer monolayer and the very constrained environment
found in the inner part of the spherical aggregates. Addi-
tionally, for the systems studied here, PEG contributions are
not coupled with any of the lipid contributions. The gain in
free energy of the polymers in the outer monolayer is larger
than that lost by the few remaining PEG molecules in the
inner monolayer. As a consequence, an overall gain of the
polymer chain contributions occurs, which serves as the
driving force for spontaneous liposome formation.

The highly asymmetric partition of the polymers also
explains the change in curvature of the free energy at high
curvatures for the 9.7% PEG case shown in Fig. 3. As the
curvature increases, the tendency of the polymers is to
completely change monolayers with the optimal aggregates
being eventually small spherical micelles. Our free energy
expansion does not allow for an accurate description of the
smaller aggregates. However, it is clear that as the asym-

metry increases, the reduction in polymer free energy will
overcome the surface tension increase, eventually breaking
the aggregate integrity and forming micelles. The proper
treatment of the micellar aggregates requires the calculation
of the packing of the chains for each radius, as has been
done for the lipid (Szleifer et al., 1986) and the polymer
(Carignano and Szleifer, 1995).

Qualitatively, we can then conclude that the optimal
aggregates as a function of loading are as schematically
represented in Fig. 6. At low polymer loadings, planar
bilayers are the optimal aggregate with a symmetric distri-
bution of both lipids and polymers. At intermediate surface
loadings, the asymmetry of the polymers, and to a smaller
degree the lipids, induces the formation of optimal lipo-
somes with finite curvature. At higher polymer loadings the
tendency of PEG is to accumulate completely in the outer
monolayer and, as a result, small micelles are predicted to
be the optimal aggregates. Micellization of lipid/polymer-
lipid systems upon increasing polymer-lipid loading has
been experimentally observed (Belsito et al., 2000; Hristova
et al., 1995).

The calculations presented so far use the whole fourth-
order free energy expansion in terms of curvature, lipid, and
PEG asymmetry. As we have shown above (see Eq. 3) the
expansion up to quadratic order in curvature only requires
the linear expansion terms of the composition variables.
Because the determination of the fourth-order terms is
rather tedious, we would like to check the validity of keep-
ing only the linear term for the composition variables. Fig.
5 shows the linear approximation to the PEG partition
asymmetry as a function of curvature. The approximation is
very good up to c � 0.0025 Å�1. For larger curvatures, the
true partition of PEG is smaller than the one predicted by
the linear approximation. The key question, however, is
how good the linear assumption for composition will be in
the total free energy prediction. To this end, Fig. 7 shows
the exact free energy up to fourth-order and the free energy
assuming only a linear partition variation with curvature.
The approximate free energy is not very accurate for pre-
dicting the position of the minimum, and it also predicts a

FIGURE 5 Lipid (dotted-dashed line) and PEG (dashed line) mole frac-
tion at the outer monolayer as a function of the curvature corresponding to
the equilibrium aggregate (i.e., minimum in faggregate) presented in Fig. 4.
The mole fraction at the outer monolayer for PEG (xPEG

out ) calculated as a
linear function of curvature (i.e., using Eq. 2 to first order) is also shown
(solid line). xlipid

out as a linear function of curvature overlaps with the curve
presented for the equilibrium aggregate and it is not shown.

FIGURE 6 Schematic representation of a lipid/PEG-lipid mixture with
increasing PEG loading. At low PEG loadings, the preferred structure is the
planar symmetric bilayer (A). Intermediate loadings result in liposome
formation (B). Micellization of the system occurs upon increasing PEG
loading (C).
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much stronger dependence of free energy on curvature as
the curvature increases. Therefore, the linear approximation
should be used only to check whether spontaneous liposome
formation is possible, but to predict the structure and com-
position of the equilibrium aggregates, expansion to at least
fourth-order is needed for all variables.

We have now determined the optimal asymmetry of
lipids and PEG molecules in aggregates. The optimal size of
the aggregate as a function of loading is shown in Fig. 8.
The shape of the curves is the same for all PEG chain
lengths. As the amount of polymer approaches the loading
at which spontaneous liposome formation occurs, the opti-
mal aggregate size shows a very sharp decrease from a

planar film, infinite radius to a relatively small aggregate of
a few hundred angstrom radius. Note that the change in size
is, in all cases, over a very narrow range of polymer load-
ings. This implies that control of spontaneous aggregate size
will be very hard. For drug delivery applications, in partic-
ular, a desirable liposome size is of the order of 1000 Å,
which for a chain with 100 segments, will be the optimal
size at a loading of 9.17% PEG. However, an increase of
	0.03% loading would reduce the optimal radius by half.

The very large change in optimal radius of the aggregates
points to the fact that, in general, the range of phase space
in which liposomes are thermodynamically stable aggre-
gates is vary narrow. The origin of this behavior is that
bilayers are the result of two frustrated monolayers that, in
the case of mixtures, enable an asymmetric distribution of
molecules. The resulting nonequivalent monolayers have
different spontaneous curvatures and, therefore, a liposome
of finite radius can form. However, the optimal packing of
the polymers is that of a small micelle, as schematically
shown in Fig. 6 (see also Carignano and Szleifer, 1995;
Szleifer and Carignano, 1996). However, the packing of
lipid molecules in small micelles is not optimal, whereas
planar bilayers are. This interplay results in a range of
surface loadings for which spontaneous liposomes are sta-
ble, but it is also responsible for the very sharp change of
spontaneous radius as a function of PEG loading.

Proper understanding of the spontaneous size and struc-
ture of liposomes requires the knowledge of the limits in
phase space where these aggregates are stable. As we have
just discussed, spontaneous liposomes lie between frus-
trated symmetric bilayers and small micelles. The free en-
ergy curves of Fig. 3 show that a second minimum exists at
very large curvatures for high PEG loadings. We construct
the “phase diagram” [The true phase diagram requires the
inclusions of the entropy of the solution. We refer here to
“phase diagram” as the T � 0 case. Namely, it represents
the optimal aggregates as obtained by looking at the single
aggregate without solution mixing entropy and aggregate-
aggregate interactions.] for stable liposomes in the follow-
ing way. For each PEG-molecular weight we find the lowest
loading where spontaneous liposomes may form. This com-
position is defined as the point where the second-order
coefficient in the free energy expansion changes sign (K �
0). This gives us the lower bound of loading. The other
limit, the maximal loading at given molecular weight, is
found at the composition where the free energy is a mono-
tonically decreasing function of curvature. Namely, it does
not show a minimum in the range of curvatures that we
study.

The onset of points that correspond to the upper and
lower curves referred to above are represented in Fig. 9 for
several polymer molecular weights. There are several inter-
esting observations that can be made from the phase dia-
gram. First, as previously shown (Szleifer et al., 1998), we
see that spontaneous liposome formation is obtained at

FIGURE 7 Free energy of the aggregate as a function of curvature for
xPEG expanded to fourth order (solid line) and with xPEG as a linear function
of c (dotted line) for the system presented in Fig. 4.

FIGURE 8 The optimal size of the aggregate as a function of PEG
loading. The optimal size is the one that minimizes the total aggregates free
energy. PEG molecular mass is denoted in the Figures. The lipid tails are
modeled as in Fig. 2.
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lower polymer loadings as the PEG molecular weight in-
creases. Second, the range of loadings at which spontaneous
liposomes are stable is very narrow. This is the result of
small micelles becoming more stable than the large aggre-
gates. Third, as the molecular weight increases, the range of
loadings for stable liposomes decreases. This is the result of
longer chains having a larger repulsion, and thus better
packing, as the curvature of the grafting surface increases
(Carignano and Szleifer, 1995; Szleifer and Carignano,
1996). Overall, this shows the narrow range of variables at
our disposal to obtain stable spontaneous liposomes of a
desired size.

We have shown above that the optimal structure of the
spontaneously forming liposomes is such that there is a high
asymmetry in the partition of the polymer between the inner
and outer monolayers. This distribution of molecules is
actually responsible for the stability of the aggregate. More-
over, there is a second very important consequence of the
asymmetric distribution of polymer, namely the enhanced
steric repulsion imposed by the higher polymer loading in
the outer monolayer as compared to a symmetric distribu-
tion. This is very important because the main interest in
PEGylated liposomes arises from the ability of the polymer
molecules to increase the longevity of the aggregates in the
blood stream. This enhancement is due to the ability of the
polymer layer to suppress the adhesion of proteins or cells
approaching the liposome surface. This is an important
result because it clarifies the source of a possible contradic-
tion. Typical loadings used in drug delivery systems are of
the order of 5% PEG-5000. According to recent predictions

and experimental observations of McPherson et al. (1998),
this surface coverage should not be enough to effectively
prevent protein adsorption if PEG was symmetrically dis-
tributed between both sides of the bilayer. The enhancement
of the true loading on the outer monolayer of the liposome,
however, makes the effective repulsion much larger, and
thus proteins will not be able to reach the liposome surface.

To quantify the different strengths of steric barriers that
result from the asymmetric distribution of polymers, we
show (Fig. 10) the repulsive potential that the polymer layer
presents to a model lysozyme protein. The details of the
model used for the protein and the way the repulsive po-
tential is calculated can be found elsewhere (Szleifer,
1997b). It should be stressed that these calculations provide
very good agreement with experimental observations
(McPherson et al., 1998). The lowest loading corresponds to
the typical experimental loading of 5% PEG. The repulsive
interaction, while large, is increased by more than a factor
of 2 when most of the polymers are found in the outer
monolayer. Thus, in a typical experimental environment in
drug delivery systems, the asymmetry of the polymer in-
duces a repulsion toward a protein-like lysozyme of �30
kT. Therefore, proteins will not be able to reach the lipo-
some surface and the longevity of the aggregate is effec-
tively enhanced.

At this point, it is important to stress that the repulsion
calculation for lysozyme is just an example to show the very
strong effect of asymmetry with respect to a small compact
protein. In general, it is well known that increasing the
surface coverage of polymers results in a larger steric re-
pulsion. The secondary effect of large asymmetric distribu-

FIGURE 9 Stability range for lamellar phases, spontaneous liposomes,
and micellar aggregates as a function of PEG molecular weight. The
circles-line represents the percentage of PEG as a function of molecular
weight at which K � 0. The squares-line represent the smallest percentage
of PEG at which the free energy decreases monotonically with increasing
curvature. The small region between the two curves is the range of stability
of the spherical liposomes. The lipids are modeled as in Fig. 2.

FIGURE 10 The repulsive potential of mean-force between the tethered
polymer layer and model lysozyme. The dashed curve corresponds to a
loading of 5% while the full line is for 10% loading. The energy is
measured in thermal units, kBT. Note that the model for the protein (and the
polymers) is the same as that found to provide excellent quantitative
agreement with experimental observations (McPherson et al., 1998; Satu-
lovsky et al., 2000).
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tions of polymers as predicted here is thus a stronger repul-
sive barrier to particles approaching the liposome.

Stability and bending constants

The question that arises is how important the lipid and PEG
asymmetry is in terms of the bilayer stability. If we fix the
composition of the inner and outer monolayers of the lipo-
some at the equilibrium values and then change the curva-
ture without relaxing the compositions, is the free energy
change going to be much larger than the one for the optimal
composition at all curvatures? To answer this question we
show in Fig. 11 the free energy as a function of curvature for
four different ways to change the curvature from the optimal
free energy. One case corresponds to the overall free energy
minimum. In the second case, the PEG composition is fixed
at the equilibrium value, but the lipid is allowed to change
its composition as a function of curvature. The third case
allows for relaxation of the polymer at fixed lipid compo-
sition and the fourth case is the one with no relaxation from
the equilibrium values.

It is clear that the changes in free energy are dramatically
larger for all cases where some of the compositions are kept
constant. However, the relaxation of the lipids seems to be
the most important in determining the elastic constants
around the equilibrium structure. To quantify the effect of
each degree of freedom, we can approximate the free energy

around the minimum with a Helfrich-like expression,
namely,

�f

a
�

1
2

keff�c � ceq�
2 (16)

where ceq is the curvature at which the free energy is
minimal and �f � f � feq. Actually, this is exactly the
Helfrich free energy of a spherical bilayer expanded around
the equilibrium state of the aggregate. This expression pro-
vides a quantitative way to look at the effect of the different
degrees of freedom associated with deforming the equilib-
rium aggregate.

To get a quantitative idea of how different the observed
elastic constants may be, and to see the effect of the differ-
ent degrees of freedom, we have fitted the free energies
shown in Fig. 11 to Eq. 16 and obtained: 1) keff

lip,pol � 0.90
kBT for complete relaxation, lipids, and polymers; 2) keff

lip �
41.25 kBT for relaxation of lipids but not polymers;
3) keff

pol � 80.27 kBT for relaxation of polymers but not
lipids; and 4) keff

no � 119.20 kBT for no relaxation. There is
a very sharp difference between all the different cases;
however, the most pronounced difference is between the
fully equilibrated elastic constant and all the other three.
Because more than an order of magnitude separates the fully
relaxed bending constant from the others, it is clear that it is
very important to understand the type of deformation ob-
served during the experimental determination of the aggre-
gate’s bending constants. Consider, for example, the deter-
mination of the bending constant of a bilayer by Fourier
analysis of the shape fluctuations of a vesicle (Sackman and
Lipowsky, 1995). The question that arises is what are the
degrees of freedom that are allowed to relax when the
aggregate undergoes a shape fluctuation of the kind directly
probed in the experimental observations? Note that the
experimental values of the bending constants on lipid bilay-
ers of the kind modeled here is of the order of �10 kBT,
suggesting that these values are obtained from fluctuations
that do not allow full relaxation of all the molecular degrees
of freedom.

The differences in elastic constants calculated for the
different modes of deformation suggest that the elastic
constant that is obtained from experimental observations
depends upon the way the experimental studies are carried
out. For example, one way of extracting the elastic constant
from experimental observations is by inversion of measured
size distributions of vesicles (Jung et al., 2001). If the
experimental observations are carried out in true equilib-
rium systems, the constant obtained is keff

free where all the
degrees of freedom reach equilibrium at all stages. It is not
clear, however, that this should also be the elastic constant
that is obtained from the measurements of spontaneous
shape fluctuations of vesicles. In this case, the elastic con-
stant will depend on the time scale of the rearrangement of
the molecular species within the aggregate. In most of these

FIGURE 11 Aggregate free energy as a function of curvature for 1)
equilibrium aggregates (dotted line); 2) aggregates with fixed molar frac-
tions corresponding to the minimum free energy (xlipid

out � 0.536 and
xPEG

out � 0.72, solid line); 3) aggregates with fixed lipid mole fraction
(xlipid

out � 0.536) and PEG mole fraction minimized at each curvature
(short-dashed line); and 4) aggregates with fixed PEG mole fraction
(xPEG

out � 0.72) and lipid mole fraction minimized at each curvature (long-
dashed line). The lipid/PEG-lipid system is as in Fig. 4. The inset shows a
zoom around the free energy minimum.

2430 Rovira-Bru et al.

Biophysical Journal 83(5) 2419–2439



cases, the experimental observations likely occur on a time
scale where only partial relaxation has occurred. The dif-
ferent relaxations may also be responsible for the broad
range of values that are reported for the bending constants in
some lipid bilayers (Sackman and Lipowsky, 1995).

A second important issue regarding the elastic constants
is the reference state from where they are determined. We
have already used two different states for different purposes.
First, we have discussed the possibility of spontaneous
liposome formation from the change in sign of the elastic
constant when the free energy is expanded around the planar
film. This is shown in Fig. 2. However, in Fig. 11 we
discuss the elastic constant around the equilibrium structure
of the aggregate. The question then is whether the two cases
provide different elastic constants. In the case of the free
energy expansion around the planar film, the fully relaxed
elastic constant is negative, while around the minimum it is
(as it must be) positive. The value of the constant is �0.74
kBT as compared to 0.90 kBT for the value around the
equilibrium state. In reality, the quadratic term obtained
around the planar film should not be thought of as an elastic
constant because it is not from an equilibrium state. Now,
we can ask the question of how different are the elastic
constants for the different types of deformation, namely keff

lip,
keff

pol, and keff
no, determined around the symmetric planar film.

There is no reason for the constants to be similar because
they are obtained from two very different states and the free
energy is not simply quadratic. The specific example that
we describe is between the constants determined at c � 0;
xlip � 0.5 and xpol � 0.5, and those determined at the
equilibrium state ceq � 0.0042 Å�1; xlip � 0.536 and xpol �
0.72. The elastic constants around the planar symmetric film
are keff

lip � 41.92 kBT; keff
pol � 78.31 kBT, and keff

no � 120.97
kBT. These values are almost identical to those determined
around the minimum energy film. Therefore, the free energy
cost of deforming the bilayer seems to be almost indepen-
dent of the state around which it is calculated. This is
surprising because the equality of the quadratic coefficient
evaluated at different points is true only for exactly qua-
dratic functions. Furthermore, for the lipid-PEG bilayers we
need the fourth-order expansion on three variables to deter-
mine the equilibrium state. However, quadratic deviations
from that state, keeping any variable fixed as represented by
keff

lip, keff
pol, and keff

no, are of the same order of magnitude. This
is important for practical calculations of the elastic con-
stants because it implies that their determination around the
planar film is all that is necessary.

We have discussed the effect of keeping one or two of the
compositions fixed at the minimum for each curvature.
However, it is very informative to also look at what happens
when the curvature is kept fixed at the absolute equilibrium
value and one of the compositions is varied. To this end,
Fig. 12 shows the variation of free energy as a function of
the lipid (polymer) fraction in the outer monolayer. In both
cases, the equilibrium free energy curve is also shown. The

free energy cost associated with changing the fraction of
lipid molecules is very large, as was already described in
relation to keff

pol above. The reason is that extensive changes
in the number of lipid molecules requires the breakdown of
the aggregate integrity. Note that even the equilibrium value
of xlip at the overall free energy minimum is rather small
(see also Fig. 5). The exchange of polymer molecules be-
tween the two monolayers for the equilibrium geometry of
the aggregate is also costly in free energy, but not close to
the degree associated with the lipid molecules. Note the
different free energy scales in Fig. 12, A and B. The reason
is that the polymers when inserted in the inner part of the
aggregate feel a stronger repulsive field due to the geomet-
ric constraint and the neighboring polymers. However, the
integrity of the aggregate remains intact.

One of the important applications of PEGylated lipo-
somes is as stable drug carriers in vivo. The polymer coating
increases the longevity in the blood stream through the
introduction of a repulsive field toward approaching pro-
teins and/or cells, as shown in the example of Fig. 10.
However, once the aggregate reaches the target cell, it needs
to release its contents. The question is how one can trigger
this effect. We can look at the large free energy cost
associated with changing the structure of the aggregate by
changing its composition from the optimal composition as
discussed in the last three figures. One would expect that a
sharp change in the composition of the polymer in the
aggregate upon reaching the target cell may lead to a break-
down of the aggregate. This can be achieved, for example,
by triggering the release of the PEG molecules in the outer

FIGURE 12 (A) Aggregate free energy as a function of the lipid mole
fraction for 1) liposomes with fixed radius and PEG mole fraction (R �
240 Å2 and xPEG

out � 0.72, solid line) and 2) equilibrium aggregates (dotted
line). (B) Aggregate free energy as a function of PEG mole fraction for 1)
liposomes with fixed radius and lipid mole fraction (R � 240 Å2 and
xlipid

out � 0.536, solid line) and 2) equilibrium aggregates (dotted line). The
lipid/PEG-lipid system is the same as the one modeled in Fig. 4. The insets
show a zoom around the free energy minimum.
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monolayer upon entering the cellular endosomes (Kirpotin
et al., 1996; Gerasimov et al., 1999; Guo and Szoka, 2001).

We consider the following process: we start from a lipo-
some at its equilibrium state, i.e., optimal curvature and
composition of lipid and PEG on both monolayers. Now,
mimicking the experimental process, we release some of the
polymer molecules attached to the outer monolayer, without
changing any of the other properties of the aggregate. We
then calculate the free energy of the new, nonequilibrium
liposome. Fig. 13 shows the free energy of this process as a
function of PEG loading on the outer monolayer for a
variety of different cases. There is a very large free energy
cost associated with this process and, therefore, we expect
that upon PEG removal from the outer monolayer, the
aggregate will become thermodynamically unstable, leading
to the disruption of the liposome structure and release of its
content into the surrounding environment.

The free energy increase upon PEG release is a strong
function of polymer molecular weight. As the molecular
weight increases, the change in free energy upon removal of
the polymer molecules increases. In all cases, even a partial
release of the polymers is enough to increase the free energy
per lipid by the thermal energy, kBT. This implies a free
energy destabilization for the whole aggregate of the order
of 32,000 kBT! The origin of this very large free energy

change is associated with the large torques that suddenly
appear in the aggregate. From the mechanical point of view,
the optimal aggregate has zero resultant force and no
torques. However, upon the release of the outer monolayer
polymers, there is a non-zero torque that will have the effect
of attempting to open up the inner part of the aggregate.
This is due to the large repulsions between the polymers in
the inner monolayer that are not balanced anymore by the
outer monolayer PEG repulsions. We expect this process of
destabilizing PEGylated lipids to be a very effective method
for triggering drug release. Another important consideration
is the time scale for aggregate breakdown. In our calcula-
tions, the free energy is minimized under constrained con-
ditions; therefore, we cannot calculate whether kinetic bar-
riers exist for breakdown of the aggregate. If such barriers
exist, they will have the net effect of delaying the drug
release process.

CONCLUSIONS

We have applied a molecular mean-field theory to study the
stability and structure of spontaneous liposomes formed by
mixtures of lipids and PEG-lipids. We obtained the equi-
librium radius and structure of the aggregates by using a
fourth-order phenomenological expansion of the free energy
as a function of curvature, fraction of lipid in each mono-
layer, and fraction of PEG-lipid in each monolayer. The
coefficients of the fourth-order expansions are determined
from the molecular theory. This method enables the sys-
tematic study of many different cases without the need to
determine the free energy for each possible state of the
aggregate, making the calculations possible within a reason-
able amount of time and keeping a great deal of molecular
detail.

We find that, as the loading of polymer increases, the
symmetric planar bilayer becomes unstable and a spherical
aggregate becomes the optimal structure. The driving force
for the formation of spherical liposomes is the gain in free
energy associated with a highly asymmetric distribution of
polymers between the two monolayers. The distribution of
lipids is also asymmetric, but to a much smaller degree. By
increasing the fraction of polymer molecules in the outer
curved monolayer, and thus decreasing that of the inner
monolayer, there is a net gain in free energy over the
symmetric planar bilayer. Both the polymers and the lipid
tails prefer asymmetric spherical aggregates. The only con-
tribution to the free energy that opposes the formation of
curved aggregates is the surface tension term.

Planar bilayers of lipid molecules are aggregates formed
by two frustrated monolayers. The degree of frustration for
lipid molecules in both monolayers is the same for symmet-
ric bilayers. The formation of a spherical bilayer aggregate
thus implies that molecules in one monolayer have a smaller
degree of curvature frustration than the other. This effect
promotes an asymmetric distribution of molecules so that

FIGURE 13 Free energy changes of lipid/PEG-lipid aggregates upon
removal of the external PEG chains for PEG molecular mass of 2.2 kDa
(solid line), 4.4 kDa (dotted line), 5.5 kDa (short-dashed line), and 6.6 kDa
(long-dashed line). The initial aggregate has R � 240 Å for all the cases
and the lipid mole fraction is the one that minimizes the free energy at this
radius (i.e., xlipid

out � 0.536) and is kept constant. The number of PEG chains
within the inner monolayer is also kept constant (i.e., only the number of
PEG chains in the outer monolayer changes). PEG loading is different for
each molecular mass to reach an equilibrium aggregate for each case (2.2
kDa, 20% PEG-lipid; 4.4 kDa, 9.5% PEG-lipid; 5.5 kDa, 7.5% PEG-lipid;
and 6.6 kDa, 6% PEG-lipid). The inset shows a zoom-in of the curves
around the minimum free energy. The x-axis in the inset is scaled as EG
segments/lipid to have all the curves within the same range. The lipids are
modeled as in Fig. 2.
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more molecules are less frustrated. In the case of a single
component lipid of the kind studied here, this process is not
enough to stabilize the asymmetric curved aggregates,
therefore spontaneous liposomes are not formed. In the case
of the lipid/polymer-lipid mixtures, however, the asymme-
try of PEG-lipid molecules can generate a large enough gain
in frustration relaxation to stabilize the spherical aggregates.
The main reason for this is that changes in the distribution
of lipid molecules, although favored by the lipid tails,
increases the repulsive contribution of the lipid headgroups
(surface tension term). Thus, the asymmetry in the number
of lipids cannot be very large. The polymers, however, are
not constrained in the same way, as they do not contribute
to the surface tension term as the lipid headgroup do. We,
therefore, see very asymmetric distributions of PEG-lipid
that can stabilize the spherical mixed aggregates. Further-
more, the preferential packing of the polymers in highly
curved surfaces may be large enough to drive the formation
of stable small micellar aggregates. Actually, we find that
the range of stable liposomes is a very narrow one, due to
the tendency of the polymers to prefer the formation of
small micellar aggregates with no inner monolayer attached
polymers. The formation of stable liposomes, therefore,
results from a delicate balance of the tendency for PEG to
be packed at highly curved surfaces toward the solvent.

The asymmetric distribution of polymers in the sponta-
neous forming liposomes should have the added advantage
that they form a better protective barrier against proteins
and/or cell adsorption onto the liposome surface. This ex-
plains the increased longevity of PEGylated liposomes,
even at relatively low loadings.

The elasticity of the asymmetric spherical bilayer at the
optimal composition and aggregate size seems to be the
same as that found in symmetric planar bilayers. This is true
for all the different modes of deformation that we studied
here. The stability of spherical aggregates arising from the
asymmetric distribution of PEG-lipids can also be used as a
basis for triggering drug delivery from long-circulating li-
posomes. Cleavage of PEG-lipids from the outer monolayer
of spontaneous liposomes should produce aggregates that
are highly unstable, even at relatively low levels of PEG
desorption. This effect is more pronounced as the PEG
molecular weight increases in the PEG-lipid conjugate. Li-
posome destabilization by PEG-lipid cleavage will occur
even in kinetically stabilized aggregates, due to the very
large free energy changes and the large mechanical imbal-
ance in the cleaved aggregate. These effects have been
observed in a closely related system that uses a bisvinyl
ether PEG lipid conjugate (BVEP) in liposomes composed
of binary mixtures of BVEP and DOPE (Boomer and co-
workers, submitted for publication). Acid-catalyzed hydro-
lysis of BVEP in these dispersions leads to contents leakage
rates that are dependent on solution pH, BVEPDOPE molar
ratio, and PEG molecular weight in the BVEP conjugate.
This approach is ideally suited for drug delivery applica-

tions that require long circulation for extravasation to the
target tissues, followed by localized release of high concen-
trations of drug upon cellular uptake and endosomal acidi-
fication (Rui et al., 1998).

APPENDIX

The calculations of the elastic constants from the molecular theory require
the evaluation of the derivatives of the free energy with respect to curva-
ture, composition of lipid, and composition of polymer up to fourth order.
The methodology to calculate these derivatives has been explicitly pre-
sented in previous work for lipids (Szleifer et al., 1990) and for polymers
(Szleifer and Carignano, 1996). We present here a description of the main
ingredients necessary to derive the equations. This is presented by showing
the derivative to first order with respect to curvature. All the other deriv-
atives needed follow along the same lines and therefore do not need to be
derived explicitly. Note that the detailed derivation is only for the lipid tails
and the polymer molecules. The headgroup contribution is easily obtained
from the analytical derivatives of Eq. 12. Following the explanation the
final equations used in the calculations are presented.

We start by writing the explicit free energy per molecule (that will
contribute to the elastic constants) of the lipid and PEG contributions from
Eqs. 10 and 11.
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� �xPEG
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h

�	lipid�z�a�z�dz (17)

where we have used xPEG
in � xPEG

out � 1 and xlipid
out � xlipid

out � 1. The first
derivative with respect to curvature is
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The next step is to calculate the derivatives of the partition functions. We
show one example and the other cases follow from it. We can write
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Using this result and the equivalent for the other derivatives, we obtain for
the first derivative with respect to the curvature
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When the derivative is evaluated at the planar film we obtain (
(�F/
N)/
c)c�0 � 0, because Qlipid

in (c � 0) � Qlipid
out (c � 0); QPEG

in (c � 0) �
QPEG

out (c � 0); 
A(z)/
c � A(0)z; 	lipid(z) � 	lipid(�z) and 	PEG(z) �
	PEG(�z). This implies that the planar symmetric film is an extremum of
the free energy as required by symmetry.

The same procedure is continued to obtain all the derivatives. Namely,
for the second derivative we will differentiate Eq. 20 with respect to c.
When the result is evaluated at the planar film we obtain K. The third and
fourth derivatives are obtained in the same way. It is important to recall that
the differentiation at all orders is done before evaluating at the planar film.
The evaluation is done to obtain the final quantities required for the free
energy expansion.

Now we have all the technical details to determine the derivatives up to
fourth-order. We do not show here the step-by-step derivation because that
is straightforward from the application of Eqs. 17–20.

The second-order derivatives, including the headgroup contribution, are
for the curvature derivatives
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where we have used the fact that the derivatives with respect to c are
determined for fixed xPEG and xlipid. The second derivative with respect to
the lipid asymmetry is given by
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and for the PEG asymmetry

fxPEG
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the mixed, curvature composition terms are for the lipid
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and for the PEG
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All the quantities need to be evaluated at the planar symmetric film.
Namely, the lateral pressures 	(z) appearing in all the expressions are those
of the planar symmetric film. Note that we do not explicitly write 	(z) for
lipid and for PEG. For simplicity we use just 	(z) and it is understood from
the limits of the integrals whether it corresponds to the PEG or to the lipid.
Also, the equations have been simplified by the fact that in the symmetric
planar film z and �z are equivalent.

We also have derivatives of the lateral pressures in the second deriva-
tives, those are obtained by differentiating the constraint equations with
respect to the desired variable. This has been shown in detail in earlier
work for the lipids (Szleifer et al., 1990) and for polymers (Szleifer and
Carignano, 1996), see below.

The fourth-order derivatives of the free energy with respect to curvature
are
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with respect to the lipid composition asymmetry
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and with respect to the PEG asymmetry
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The mixed derivatives are
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is the intramolecular pair-correlation function and

C3�n� � 2�n�z���n�z
���n�z��� � �n�z�n�z
�n�z���

� �n�z���n�z
�n�z��� � �n�z
���n�z�n�z���

� �n�z����n�z
�n�z��

is the intramolecular triplet correlation function. Again, all the quantities in
all the expressions are evaluated at the planar film. The only remaining
unknowns are the derivatives of the first, second, and third lateral pressures
with respect to the different variables. The ith order derivative of the lateral
pressure is determined by differentiating i times the constraint equation.
The explicit way that this is carried out has been shown for the lipids in
Szleifer et al. (1990) and for polymers in Szleifer and Carignano (1996).
Here are the resulting expressions needed for the derivatives with respect
to curvature, the derivatives with respect to the compositions are obtained
along the same lines.

The first derivative of the lateral pressure in the polymer region is
obtained from
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in the lipid region
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The second derivative in the PEG region
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and in the lipid region
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For the third derivative in the polymer region we need to solve
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and in the lipid region
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For the third derivatives we have used
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There is, in principle, a problem with the second and higher derivatives
of the lateral pressures with respect to curvature for the lipid region.
Because we assume that the lipid region is assumed to be dry, then we
cannot keep the area and the thickness constant for curvature variations of
second order and higher. This is solved by assuming that in the midplane
of the bilayer lipid region the pressure is under all conditions that of liquid
hydrocarbon. We have checked that this is appropriate by calculating the
derivatives by straightforward variation of the curvatures and using Eqs. 28

and 30. In both cases we find that the derivatives of the free energy are
predicted to be almost the same, and thus this approximation does not
influence any of the predictions and conclusions shown here.
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